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Abstract

This paper presents a feedback control technique applied to flutter of a rotating disk in an enclosure. Rotating disk
flutter is an aeroelastic instability induced by the coupling of the disk and the air around the disk. The flutter may occur
at high rotation speed and the disk will then vibrate with large amplitude. The control system consists of a sensor to
pick up the disk vibrations, and the signals are processed to generate a pressure disturbance in the air inside the
enclosure. The instability of the rotating disk is initially analyzed and the disk flutter is observed by calculating the
eigenvalues of the disk-enclosure system. The feedback control mechanism is then introduced and the control
performance is evaluated based on the control effect on the imaginary parts of the eigenvalues. It is demonstrated that,
with a proper combination of the control gain and the phase shift, the feedback control can suppress the disk flutter.
The stability map shows that the controller has a large operation region and is therefore robust.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The stability of rotating disks has recently become an important research topic owing to its applications related to the
high capacity and high performance data storage devices, such as hard disk drives for computers. Disks rotating at high
speed may be unstable due to coupling with the surrounding air flow, which is called flutter. Disk flutter has been a
concern to the data storage industries in order to develop high speed hard disk drives. The disk flutter is a kind of
aeroelastic instability, and research on this topic has been related to circular saws [see, for example, Chonan et al.
(1985)]. D’Angelo and Mote (1993b) conducted an experiment on thin disks in an enclosure with different air densities.
They observed the flutter occurring in (0, 3) mode for a disk rotating at speed about 3500 rpm. They also reported that
the flutter speed would increase with a decrease of the air density and confirmed that the flutter was induced by the
aerodynamic coupling of the air to the rotating disk. Renshaw et al. (1994) presented an analytical study on the flutter
of a rotating disk by taking into account the air coupling and examining the eigenvalues of the whole disk systems. In
their modelling, however, the aerodynamic loading on the disk was only the acoustic pressure induced by disk
vibrations; no flutter was reported directly from their analysis. Other analytical studies (Hosaka and Crandall, 1992;
Yasuda et al., 1992; Chonan et al., 1992; Huang and Mote, 1995; Renshaw, 1998) were conducted focusing on the
rotating disks close to rigid surfaces, which are associated with floppy disks used in personal computers. Lubrication
theory was employed to model the thin air layers between the disks and casings. In the analytical modelling of disk
flutter, the key issue is the coupling of the air dynamics with the disk structure. This has been discussed by Kim et al.
(2000) and Hansen et al. (2001), and different models for aerodynamic loading were examined.
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Nomenclature

a speed of sound

A(r,0)  actuating surface

[B] (Mo + 1) x (My + 1) matrix associated with free vibration of rotating disk
Cm coefficients for series expansion of w

[c] =[co a1 - oyl

C nondimensional damping coefficient

Ca damping coefficient in aerodynamic loading

d coefficient of Bessel series for ¢,

dy, coefficient of Bessel series for ¢,

D flexural stiffness

E Young’s modulus

G gain of the feedback control

h thickness of the disk

m integers for numbers of nodal circles

M Mach number at the disk outer edge

M, integer of maximum m for the simulation

n integers for numbers of nodal diameters

[P (My + 1) x (M + 1) matrix associated with acoustic force
[P9] (My + 1) x (Mp + 1) matrix associated with control force
[P (My + 1) x (My + 1) matrix associated with aerodynamic force
4. acoustic loading on disk

q. control-generated loading on disk

qr aerodynamic loading on disk

r r-component in cylindrical coordinate system

Fa radius of the actuator

e radius of the enclosure

T radius of the clamping collar

o radius of the disk

rs r-location of the sensor

t time

w transverse displacement of the disk

z z-component in cylindrical coordinate system

Ze distance from the upper surface of enclosure to the disk
Greek letters

€ D/(pa’r:‘;hgz)

0 6 component of the cylindrical coordinate system

0, 0, component of the cylindrical coordinate

K rifTo

A eigenvalue

A mass ratio p,r,/p h

v Poisson ratio of disk

Pa density of air

0u density of disk

ba velocity potential associated with acoustic loading

O velocity potential associated with control generated loading
Q rotational speed of disk

Q, rotational speed of damping force in aerodynamic loading

Feedback control techniques have been applied to aerofoil flutter (Huang, 1987), unsteady flows (Huang and Weaver,
1991) and the squeal of train wheels (Heckl et al., 2000). A control technique is proposed in the present study of rotating
disk flutter, in which the disk vibration signals are detected and processed to generate pressure perturbations inside the
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Fig. 1. The geometry of the disk and cylindrical enclosure.

disk enclosure in such way that the original coupling will be altered and the flutter will therefore be suppressed. In order
to demonstrate the performance of the feedback control, we simulate the disk-enclosure stability using a viscous
damping model (Kim et al., 2000; Hansen et al., 2001) for the aerodynamic loading which will be zero if the disk does
not rotate, and considering the acoustic loading as a separate term which always exists as long as the disk is in air or
other gases. The controlled acoustic force is an addition to the existing acoustic loading.

2. Fundamental equations

We consider a thin disk rotating inside a cylindrical enclosure which has radius r, and height 2z,, as shown in Fig. 1.
The disk has a uniform thickness /# and outer radius r,. It is clamped in the center to a radius r;. The Young’s modulus,
Poisson ratio and the density of the disk are, respectively, E, v and p,. The material damping of the disk is assumed to
be negligible.! The disk rotates at a constant angular speed Q. The density of the air inside the enclosure is p,. A
stationary coordinate system (r,0,z) is used in the following modelling.

The rotating disk with small transverse motions is modelled following the work by Renshaw et al. (1994), but it is
modified by adding an aerodynamic loading and an additional acoustic loading introduced by a feedback actuator. The
disk experiences an aerodynamic force g(r,0,?) arising from the air-flow due to the disk rotation, and an acoustic force
qa(r, 0, ) arising from the acoustic pressure induced in the enclosure by the disk vibrations; gy(r, 0, ) will be zero if the
disk does not rotate, while ¢,(r, 0, t) will always be there as long as the disk vibrates in air. The governing equation for
the vibration of the disk can be written as

Pw Pw 58w 4 10 ow 10 ow
ph(ﬁ + 29@ +Q W) + DV*w —h {;5(76;’5) +r—2£(09£):| = (1]"(7’, 0, t) + qa(r, 0, l), (1)

where w(r,0,1) is the fransverse deformation of the disk, D = ER?/12(1 —v?) is the flexural stiffness of the disk,
V4= % +2 4 is the biharmonic differential operator, o, and gy are, respectively, radial and hoop membrane
stresses, which are eXpressed as follows:
2 143v/r\’

w2

r 8 "o

ror 2007
2
Oy = pdrin |:bo (V—:)z-i-b] - 3 —é_ v(é) :|, gy = pdl‘in
_A=n)0/ro (G4 = A+ 0)0s/ro)'] (4G +9) + (L= )/70)']
S+ + A=/ B+ + A —0r/r)]

The disk is clamped by a collar (r=r;), where the displacement w and its slope must be zero, and the boundary
conditions are

by

ow

W|r:r,~ = 05

r=r;

'The material damping can be evaluated by considering Young’s modulus to be a complex number, and we found that for a steel
disk it increased the flutter speed by about 5%.
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The disk is free at its rim (r=r,), where the bending moment and shear force must be zero, and the boundary conditions

are
Pw low 1 6%w 0 (1—=v) & fow w
— —t5— =0 —(V? —|= - = =0. 3
[8}’2 * v(r or TR 602)} —r {ar( W)+ 2 807 (Gr I):| r—r 3
The empirical model of aerodynamic loading proposed by Kim et al. (2000) is employed in the present study for the
aerodynamic force g,(r, 0, ) and it has the form

a0 =i 2 @ )
where C, is a damping coefficient depending on the viscosity of the fluid, the rotational speed of the disk and the
geometrical parameters of the enclosure, and @, is the rotational speed of the distributed viscous damping force relative
to the disk. Both C; and Q, should be determined by experiments.
The acoustic force q,(r,0,t) on the disk can be calculated through the pressure difference between the upper and
lower surfaces of the disk, and can be written as

4)

09,(r,0,z,1) 09,(r,0,z,0)
0,1) = £ -2 5
qa(ra > ) pa|: 8[ ot 8t o > ( )
in which ¢, is the acoustic velocity potential. The governing equation for the acoustic field in the enclosure is expressed by
1 6%
Vi, = ——4 6
Cabarr (©)

where a is the speed of sound in the enclosure, V? is the space Laplacian operator. The acoustic velocity on the enclosure
walls must be zero and the boundary conditions for ¢, are

or T oz

= 0. 7)

r=r, z=+z,

In addition, on the surface of the disk, the acoustic velocity should match the disk vibration velocity, and at the clearance

between the disk rim and the enclosure, ¢, = 0 for the asymmetric acoustic field (Renshaw et al., 1994). So that we have
the following conditions:

o¢ 0 (O<r<mr)
a) = ) = <
o | % (rn<r<ry) and ¢, _=0, (r,<r<re). ®)

In the following analysis, the variables are normalized by r,, 1, p;, and Q (Renshaw et al., 1994),

r z - w ri Ve Ze
F=— Z=— 1=Q1, W=-, Kk=-— Fo=— Z =-,
r() rﬂ h r(l rU rO
_ gy _ ) _ qr . qa
= 0= —— =, ff=— Ju=—1 )
" 2 2 2 2
pariQ pariQ paQ paQ

and the nondimensional acoustic velocity and potential are introduced,

= _ 1 T (i)a
Vo = h Va, (;ba 770}19. (10)

By using these definitions, all above-mentioned equations can be rewritten in dimensionless form. In order to avoid
confusion of the variables, the overbars of the nondimensional variables are omitted in the following analysis. Thus, we
have the following equations:

the equation for vibration of the rotating disk

Fw _Pw  Pw

—_— 4+ —+—+8V4W7 lé )’O'% +lﬁ o %
or " “ora0 " P ror\ ar) " r2a0\"" a0
B ow Q4\ ow 0 (r,0,z=0"0)  0¢,(r,0,z=0",1)
*_C{aﬁ(l_ Q)@O}+A[ ot a ot ’ (b
and the boundary conditions
w0, 2 o, (12)
or r=K
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o*w low 18w 0., (1—v)&* fow w
S t+vl-—+5—5])| = = (=== =o 1
[6;’2 + v(r or + r? 892)} 1 0. {6r(v W+ 2 80? (6}’ ;’)L:1 0 (13)

In Eq. (11), e=D/ pdrﬁhsf is the ratio of the bending stiffness of the disk to the stiffness derived from the centrifugal
body force, C = C;/p,hQ is the nondimensional ratio of aerodynamic damping, A = p,r,/p .5 is the ratio of the densities
of the air-flow and the disk (mass ratio). The equation for the acoustic field is

o)
Vz — M2 a 14
0y = Mt (14
and the boundary conditions, arising from zero velocity on enclosure walls, are
o¢ o
Fa — a =0 15
orl._. 0zl _i. (13

where M = r,Q/a is the Mach number at the outer edge of the disk. The continuity conditions on the disk surface, where
the acoustic velocity equals the disk velocity, and at the clearance between the disk rim and the enclosure, where the
acoustic pressure is zero, can be written as

o0, 0 (0<r<x)

_7:0: % (e<r<l) and ¢,

0=0, (I<r<re). (16)

Egs. (11) and (14), together with the boundary conditions, form a stability problem for the system of the rotating disk
coupled with the air-flow in the enclosure. If the amplitude of the disk vibration, w, grows with time, the system is unstable
and flutter occurs.

3. Implementation of the feedback control

In this section, an acoustic feedback control is introduced into the disk-enclosure system. Fig. 2 shows the schematic
diagram of the feedback mechanism. A sensor is fixed and placed in the enclosure to pick up the vibration of the disk at
a point (ry, 0y). The signal is then amplified and phase-shifted to drive the actuator which will generate a surface
vibration on the upper surface of the enclosure. This surface vibration is therefore dependent on the control gain G, the
phase shift o, the disk vibration at the sensor point, and the actuator distribution A(r,0) on the upper surface. In
general, A(r, 0) can be written as

o0
A, 0) = D an(rne™. 17)
n=—0ao0

In the feedback control, we only take the nth mode and consider a simple case that a,(r) is a constant in the actuator
region r<r, (nondimensionalized by r,). Due to the motion of the actuator, a controlled acoustic field will be generated
in the enclosure, which is denoted as ¢,. On the actuating portion, the acoustic velocity induced by ¢, equals the
actuator velocity, written as Gel?e"’dw(r,, 0,)/dt, and on other part of the upper surface, the acoustic velocity is zero.
Since the clearance between the disk rim and the sidewall of the enclosure is normally very small, we assume that the
gap is negligible and the acoustic velocity induced by ¢, on the disk is zero (the acoustic field induced by the disk
vibration has been considered in ¢,). The equation and the boundary conditions for the controlled acoustic field ¢, are

Actuator Y I3

Disk [ - Gef

Enclosure

Fig. 2. Schematic diagram of the feedback control.
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therefore written as

’¢,
2= M>— 1
Vg = MP ()

ow(ry, O, 1)

34)0‘ _ ] Gerert—— (r<ra),
0z T 0 (ra <V<Ve),
¢ ¢
¢ =0 < =0. 19
oz 'z:() ’ or r=r, ( )

The controlled acoustic field ¢, will generate an additional force on the disk surface, denoted by g,., which can be

calculated by

0¢.(r,0,z=0",1)
ot '

This control force will be added to the right-hand side of Eq. (11) and the stability of the disk-enclosure system is
therefore under the action of control.

ge =4 (20)

4. Method of analysis

In order to solve the air-coupled disk vibration equations, we employ the approximation method used by others
(Renshaw et al., 1994; and Hosaka and Crandall, 1992), and assume the transverse displacement w(r, 6, ¢) and the
acoustic velocity potentials ¢, and ¢, to have the form

w(r, 0, 1) = R(r)e' ™"+, (21a)
Go(r,0,2,1) = Y (r, 2)e ", (21b)
Gulr,0,2,0) = (r, )"+, @lc)

where R(r), ¥ ,(r, z) and ¥ (r, z) are unknown functions to be determined; 4 is the eigenvalue whose real part determines
the disk vibration frequency and the imaginary part indicates the stability of the system.” R(r) is obtained by Galerkin’s
method in the following form:

[o8]
w(r,0,0) = enRyn(ne ", 22)
m=0
where m and n represent the number of nodal circles and number of nodal diameters of the vibration mode (,n), and
¢, are coefficients. In the numerical simulation, the infinite series in Eq. (22) has been truncated at m = M, within the
allowable accuracy and a power series is used to approximate R, (Chonan et al., 1985):

Rmn(r) — n + rm+1 + Er(’zrm+2 + E(Z)rm+3 + rm+4 + E(S)rm+5 + E,(,?Zrerﬁ, (23)

mn mn

where Eﬁ,?n(i =1,2,3,4) are constants to be determined such that all the boundary conditions of the disk are satisfied.
The acoustic velocity potentials ¢, and ¢, are solved according to the boundary conditions and have the following form:

ulr 02,0 = df coshlo(z. — D&, (24)
k=1

bo(r,0,2,0) =Y df cosh(a2)] (&r)e ™), (25)
k=1

where J,(£,r) is the Bessel function of the nth order, & is determined by the roots ofJ;l(ikre) =0k =1,2,..., 00), which is
1/2

the boundary condition at the sidewall of the enclosure, o = 4/ (g”]z( - M 2),2) , d and dj, will be determined, respectively,

by the matching condition (16) at z=0 and the boundary condition (19) at z=z,.

>Thus, the eigenvalues here are what are normally called eigenfrequencies; in the usual nomenclature (not here), it is the real
component that defines stability.
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For two arbitrary complex-valued functions, a(r,0) and b(r,0) defined in the domain {kK<r<1,0<0<2xn}, we
introduce an inner product as follows:

2n 1
La(r,0),b(r,0)) = /0 / a(r, 0)b* (r, O)r dr do, (26)

where the superscript asterisk denotes the complex conjugate. By substituting Eqgs. (22), (24) and (25) into the motion
Eq. (11) of the disk, and calculating the inner product with Ry, (r)el™+*) (1 =0,1, ..., M), one obtains a matrix
equation for the coefficients ¢, following Galerkin’s method:

{[B] + [P] + [P“] + [PT3[c] = [0], @7

where [e] =[co 1 -+ cu 1T, [B] is a (My+ 1) x (My+ 1) matrix associated with the free vibration of the rotating
disk without any aerodynamic loading, [P/]is a (Mo + 1) x (M + 1) matrix associated with aerodynamic force due to
the disk rotation, [P“] and [P] are also (M, + 1) x (M, + 1) matrices and are associated with the acoustic force and the
control force, respectively. [P“] and [P¢] are evaluated in Appendix A. The elements for [B] and [P/] are given as follows:

d Rmn
dr

1 1 2
Byt =2 [0 Ru0) ~ Vi Rn0) (70, ) = TR0 R (8)

1
P{n, =-2n / Ci [ﬂ, + (l - %) n} Ry (M Ry, (r)r dr, (29)

dr? rdr
Renshaw et al. (1994). Thé condition of nontrivial solutions for Eq. (27) leads to a characteristic equation

det{[B] + [P/]+ [P“] + [P]} = 0, (30)

) 2 .
where V# = gi +-4 — m)" In Eq. (27), [P/] and [P‘] are additional terms which were not included in the model of

from which the eigenvalue 4 is obtained from the roots. These roots come in (M, + 1) pairs and generate (M, + 1) pairs
of eigenvalues for a fixed nodal diameter n. Each pair of eigenvalues is denoted by A*7" and A" for the Forward
Traveling Wave (FTW) and Backward Traveling Wave (BTW) along and against the rotation direction of the disk [see,
e.g., Kim et al. (2000) and Hansen et al. (2001)]. The real parts of the eigenvalues, Ze(/), are related to the disk
vibration mode frequencies while the imaginary parts, .#m(1), are related to the ‘damping’ of the disk vibration,
JIm(4)<0 indicates an unstable vibration or flutter. If the disk rotates in vacuum, all the eigenvalues are real numbers
and the system is therefore stable. If the disk rotates in air without the feedback control, the eigenvalues will be complex
numbers and fm(/) may be negative for some modes, i.e., flutter may occur in these modes. All these cases are
demonstrated and discussed in next section.

5. Simulation results and discussions

Case studies are conducted in this section to show that flutter may occur for some modes and that it is possible to
suppress flutter by the feedback control technique. The disk used in the simulation is the same one used by D’Angelo
and Mote (1993a, b) so that we can compare our results with theirs. The details of the disk are listed in Table 1. In the
simulations, the enclosure dimensions are fixed at z, = 0.5 and r, = 1.2, the sensor is located at (ry, 0;) = (0.9,0) and
re = 0.8.

5.1. Rotating in vacuum (flutter free)

In this case, both aerodynamic loading [P’], and acoustic loading [P*] and [P€] are zero, and the eigenvalues are found
to be real numbers. The real parts of the eigenvalues have been converted into the vibration frequencies and the results
are plotted in Fig. 3. It is shown that for each mode with n#0 the frequency splits as the rotational speed increases from
Q=0, one increases with the rotational speed, which is the FTW, and the other initially decreases to zero and then
increases again, which is the BTW. The rotation speeds at which BTW frequencies become zero are called critical
speeds.

The critical speed for mode (0, 3) in the present study is 2110 rpm, which is comparable to the 2078 rpm measured by
D’Angelo and Mote (1993b), with an error about 1.5%. When the disk is stationary (2=0), the FTW and BTW have
the same frequency for each mode. The calculated mode frequencies for the stationary disk are compared with the
measured results by D’Angelo and Mote (1993a), and the results for some modes are listed in Table 2. The errors are
less than 2% for most of modes, except for 5% for modes (0, 0) and (0, 1).
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Table 1
Geometric and material parameters of the disk
Parameter Value
Young’s modulus, £ 200(GPa)
Density of disk, p, 7.8 x 103(kg/m?)
Outer radius, r, 0.178 (m)
Clamping ratio, x 0.3
Thickness, & 0.775(mm)
Density of air, p, 1.21(kg/m%)
Speed of sound in air, a 340 (m/s)
400 T T T T T
300 R
~
<
&
& 200 R
<
i
o™
100 - .
‘ 0.0)
' ( 2™
==__ . O1BW
0 (0 : . .

0 1000 2000 3000 4000 5000 6000
Rotation speed (rpm)

Fig. 3. Mode frequency versus rotation speed of the disk in vacuum.

5.2. Rotating in air (flutter observation)

In this case, we take into account the acrodynamic loading [P/] and [P, but keep the control term zero. As we
mentioned earlier, the aerodynamic loading [Eq. (4)] is an empirical model, the nondimensional parameter C and speed
ratio Q;/Q in Eq. (11) should be determined according to experimental data, such as the disk flutter speed. Our
simulation indicates that the flutter speed is not sensitive to the damping coefficient in a range of 0.005< C<0.05, so
that we set C=0.01 by considering that the aerodynamic loading is a kind of ‘damping’ before onset of flutter and it
should be light comparing to the disk material damping, which is in order of 0.01-0.1 (Jones, 2000).

We conducted an experiment to measure the flutter speed on two different disks (the results will be reported in
another paper) and found that the speed ratio Q;/Q in the model should be in a range of 0.8-0.86 in order to have the
predicted flutter speeds agree with measured values.

In the present study, we set Q;/Q = 0.8 and find that predicted flutter mode and speed are very close to the observed
value, which will be shown later. The real parts and the imaginary parts of the eigenvalues have been converted into
mode frequencies and mode dampings, respectively, and the results are plotted versus rotational speed in Fig. 4. The
mode frequencies showing in Fig. 4(a) are similar to those in Fig. 3, consisting of FTWs and BTWs, except that
the aerodynamic loading has reduced natural frequencies by less than 1%, shown in Table 2. The imaginary parts of the
eigenvalues, which are shown in Fig. 4(b), are not zero due to the aerodynamic loading. It is seen that damping for
BWT modes (0, 3), (0, 4) and (0, 5) are initially positive, but become negative as the rotation speed increases, indicating
that the rotating disk is unstable or flutter occurs above these speeds. The speed at which the damping changes from
positive to negative is denoted as the flutter speed. Fig. 4(b) shows that flutter occurs first in mode (0, 3), which agrees
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Table 2

Natural frequency of a stationary disk

Mode Experiment (Hz) disk in vacuum (D’Angelo Calculation (Hz) Calculation (Hz) disk in

and Mote, 1993a) disk in vacuum air

(0, 0) 38.40+0.24 40.69 40.46

o, 1) 37.19+£0.29 40.31 39.98

0, 2) 47.104+0.49 48.83 48.52

0, 3) 79.78 £0.90 79.94 79.53

0, 4) 133.08 +1.04 131.81 131.23

0, 5) 202.18+£1.02 199.95 199.19
400

300

Re(A\)Q/2mt (Hz)
N
8

100
© 2™
0 ’ !
0 1000 2000 3000 4000 5000 6000
(@ Rotation speed (rpm)
0.15
0.1
=)
c
s
£
8
= 0.05
&
S
<
£
0
Flutter speed
-0.05 : : : :
0 1000 2000 3000 4000 5000 6000
(b) Rotation speed (rpm)

Fig. 4. The disk in the enclosure with air-coupling. (a) Mode frequency versus rotation speed. (b) Imaginary part of the eigenvalues
versus rotation speed for some modes.

with the observation by D’Angelo and Mote (1993b). The flutter speed corresponding to the (0, 3) mode is found to be
3200 rpm in the present model, which is close to 3500 rpm reported by D’Angelo and Mote (1993b). It should be pointed
out that the accuracy of flutter prediction depends on the model of the aerodynamic loading on the disk, which is
another research topic involving the aerodynamics of the flow around the rotating disk and the disk-air coupling. The
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present study focuses on whether flutter can be suppressed by the feedback control technique, and this will be discussed
next.

5.3. Performance of the feedback control

The feedback control is actuated by adding the control term [P€] in Eq. (30), and the control performance is evaluated
based on the effect of the control on the imaginary parts of the eigenvalues. It is seen from Fig. 5 that the damping
curves are lifted up by the control for modes (0, 3) and (0, 4) when the phase shift is set at ¢ = 7/2. In other words, the
flutter speeds for these modes have been increased with the feedback control, and the stability of the rotating disk is
therefore improved. How much the stability can be improved depends on the control gain. At the correct phase shift
(e.g. 0 = m/2), the greater the gain is, the more stable the disk will be. It is shown in Fig. 5(a) that, for mode (0, 3), the
control has increased the flutter speed to 4000 rpm with G=8 and brought the whole damping curve above zero if
G >16. On the other hand, it is also illustrated in Fig. 5 that feedback control may make the disk more unstable by
increasing the ‘damping’ if the phase shift is set at ¢ = —n/2, showing that the performance of the control scheme is
very much dependent on both the gain and phase shift.

The control-induced damping can be viewed by subtracting fm[A(G = 0)] from Fm[A(G#0)], and this is shown in
Fig. 6 for mode (0, 3). It is seen that the control induced damping decreases with the rotation speed to zero at the critical

0.3

Mode (0,3)

Im(A)Q/21t (Damping)

-0.3 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000

€)] Rotation speed (rpm)

0.3 : : : : :
Mode (0,4)

Im(A)Q/21t (Damping)

1000 2000 3000 4000 5000 6000
(b) Rotation speed (rpm)

Fig. 5. The effect of control on .#m(/) with different phase shift and gain for modes (0, 3) and (0, 4).
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speed, and then increases, almost linearly with the rotation speed. This is the same as the variation of the mode
frequency with the rotation speed for BTWs, and we deduce that the control damping is proportional to the mode
frequency observed in the fixed coordinates.

Fig. 7 is a 3-D plot to show variation of the aerodynamic damping with the control gain G and phase shift ¢ and
Fig. 8 is a stability map in the 6—G plane. The stability map consists of a stable region, in which .#m(1)<0, and an
unstable region, in which .#m(1) > 0. The boundary between the stable region and the unstable region, at which
Jm(L) = 0, depends on the rotation speed. Figs. 7 and 8 show that the control is robust because it works in a region
with different combinations of G and o, rather than at a point. The results for other higher modes are very similar to
those presented here for mode (0, 3).

It may be interesting and beneficial to mention the control mechanism in feedback control of disk flutter. In fact, the
aerodynamics involved in coupling between the air and rotating disk is quite complicated, which is the reason why there
are no theoretical models for the aerodynamic loading term, but only empirical ones. However, since flutter is a kind of
aeroelastic instability, in which aerodynamic energy is supplied to the disk structure through the coupling at a rate
faster than it is dissipated, it is reasonable to suggest that the feedback control in this case may weaken the air-disk

Control damping

1 1 1 1 1
0 1000 2000 3000 4000 5000 6000
Rotation speed (rpm)

Fig. 6. The control-induced ‘damping’ #m[AG#0)] — .#m[1G = 0)] versus rotation speed for mode (0, 3).

//;///
= 2 :’:.~~\s S
c L
g "”7/7//5/://’.’-:-'.' OSSN
% 0l = 30
Q T
E o1 7 g Gain G

120
Phase shift ¢ (Degrees) 180

Fig. 7. A 3-D diagram to show the control effect on .#m(Z) for mode (0, 3). The rotation speed is set at Q=4000rpm.
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Fig. 8. Stability map to show the control performance for mode (0, 3).

coupling so as to prevent the energy from being supplied into the disk structure. It would be helpful to view the disk
with the feedback control as a complete dynamical system which is more stable than the original one without control.

6. Conclusions

A feedback control technique is proposed to suppress the flutter of a rotating disk in an enclosure. The stability of the
disk-enclosure system, together with the feedback control, has been studied by calculating the eigenvalues for the disk
modes. It is shown that the rotating disk is strongly coupled with both the flow field spinning around the disk and the
acoustic field induced by the disk vibrations. Disk flutter is observed for some modes when the rotation speed is above
certain values. The present model predicts that the flutter occurs first in (0.3) mode at speed 3200 rpm, which agrees
reasonably well with the observation in experiments by D’Angelo and Mote (1993b). It is demonstrated that the
controller, which generates a controlled acoustic pressure inside the enclosure, can effectively suppress disk flutter by
changing the imaginary part of the eigenvalues of the disk-enclosure system from negative to positive at a given rotation
speed, and the controller has a large operation range in terms of the selection of the gain and the phase shift. It is hoped
that this study may provide an option to control disk flutter.
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Appendix A

The application of the inner product on Eq. (11) (including the control force g.) with Ry, (r)e'?+%) (I = 0,1, ..., Mp)

generates an acoustic force vector [¢“] and a control force vector [¢°] on the right-hand side. The elements for [¢“] and
[¢¢] are, respectively,

2n 1 — 0t — 0 .
i / / A(@(ba(r, 0.2=0%0 _ 09u(n0.2= 0000 i, g g
0 K

ot ot
.l
=4r / AL

o0

> dicosh(ouze)u(Er) | Rin(r)r dr, (A1)
k=1
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2n 1
) 0¢.(r,0,z=0",1 .
¢ = / / A%Rm(ﬂe*“"o*mr drdo
0 K

1
:2n/ ALl

The infinite series in the integrals are truncated at k= Kj, and we introduce the following vectors

Z di 3, (Er) | Ry (r)rdr. (A.2)

k=1

1= [Ru) R Ragu®1', (A3
(0] = [cosh(u 200, (E17)  cosh(mz)u(ar) - cosh(ug,z00n(Exon) ], (A4)
[ =D &) o L) (A5)
D] =[df dy - di T, (A.6)
D =[df d5 - di 1" (A7)
and rewrite [¢] and [¢] in the following form:
) = 4nsi | VI dr, (AS)
) = e | YD (A9)

Both [D“] and [D¢] are related to the disk vibrations, i.e. [¢], through the boundary conditions, and we give a detailed
derivation on an explicit form for [D“]. Substituting Egs. (24) and (22) into the continuity conditions (16), we have

> dioy sinh(oz)Ia(Er) = 0, at 0<r<r, (A.10)
k=1
0 My
= difoy sinh(z)Tu(Er) = Y | endiR(r),  at k<r<1, (A.11)
k=1 m=0
o0
> df cosh(axz)Tu(&r) =0, at 1<r<re. (A.12)
k=1

We take the finite terms of k£ = 1,2, 3, ..., K, for the truncation of the infinite series in Eqs. (A.10)—(A.12) and choose
finite points r = r;(j = 1,2, 3, ..., Kp) in the domain of 0 <r<r, for approximate satisfaction of Eqs. (A.10)~(A.12). This
leads to a set of equations

aysinh o ze ) (€1 71) ansinh(onze )] (Ear1) o, sinh(og, ze)Ju(Eg, 1)
o sinh(oclz(,)J,,(é 1 Vz) O(ZSinh(O(ZZG)Jn(5272) T %Ko Sinh(aKozl’)Jn(éKﬂ r2)
3] Sinh(fxlze)Jn(él rK(;) aZSinh(a2Ze)Jn(62rK&) Tt 0K, Sinh(fog Ze)Jn(éKo VK(})
—osinh(o1z)Ju(Cirgi o) —oasinh(ezn(Corgr ) o~ sinh(ak, ze)In(Ek ki 11)
—oclsinh(oclze)J,,(fHKolJrKg) —oczsinh(oczz(,)Jn(fer(HKg) —ocKOsinh(ocKOZe)J,,(é,(OrK&+K§)
COSh(aIZe)Jn(éHKngKngl) COSh(OCZZe)Jn(Cy2rK(}+K§+1) T COSh(OCKOZP)Jn(éKOrK(;+K§+1)
cosh(o1ze)J (€ rk,) cosh(az.)J,(Errk,) o cosh(ag,ze ) n(Exy k)
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[ 0
_ a -
df 0
a
dZ .
e 0
K| My
e, > CmAiRun(rg141)
K;+1 o m=0
da My
el T
Ky +Ky Z CmMRmn(rKlJer)
d? , m=0 0
1
K() +.K0 +1 0
" :
dg, | I 0

(A.13)

where K|, K3 and Ky — K} — K3 are the numbers of the chosen points in 0<r; <k, k<r;<1, and 1 <r;<r., respectively.
Eq. (A.13) can be written in a matrix form:

[A“][D*] = iA[R“][c],

in which, [A’] is a Ky x Ky matrix

[AY] =

oy sinh(otze)J (€1 71)
oy sinh(otze)J (€1 72)

o Sinh((xlze)Jn(él rK(;)
—o SiHh(O(]Ze)Jn(élrk{%+l)
cosh(o12)Ju(Ci 7k 1 x241)

cosh(o Zg.)Jn(él IK,)

and [R] is a Ky x (Mp + 1) matrix

o sinh(opze)J 4 (Eo11)
o sinh(opz)J 4 (E,12)

o3 sinh(o22) T (Eor 1)

—2 Sinh(aZZe)Jn(é2rK{} +1)

—0 Sinh(dlze)Jn(fHK3+K5) —0 Sinh(dzze)Jn(fer3+K5)

COSh(“zze)Jn(fz'”K(HKgH)

COSh(OCng.)Jn(éZrKo)

0 -
0
ROn(VK(;H) Rln(rl((}+l) RMon("KgH)
RY] = ROn(rK(Hz) Rln(rK(HZ) RM017("K[;+2)
ROn(’”K(HKg) Rln("K(HKg) RMon(”K(Hkg)
0
L 0 .
From Eq. (A.14) we obtain
[D] = i2[A“] ' [RY][c]
and substituting (A.16) into (A.8) yields
1
l¢'] = —4na2’ / {IYI[@“TAT ' [R][e]} r dr

1
= {—471/122 / {(IYI[@NAT '[RT}r dr |[e] = [P“][c],

(A.14)
0K, Sinh(OCKOZe)Jn(gKorl)
0K, Sinh(OCKOZe)Jn(gKOrZ)
ok, sinh(ag, ) u(Cx, k)
—ak, sinh(og, 2 n(Ck, i 1)
—ak, sinh(og, ze)n(Ek, k1 1 k2)
cosh(ok,ze)Iu(Ex, k1 k211)
cosh(og,ze)Jn(Ck,7ky)
(A.15)
(A.16)
(A.17)
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where
1
[PY] = —4n A / (YIDNAYT " [R}r dr. (A.18)
A similar procedure can be applied to [¢¢] to get
[D] = i2Ge'e" [AT ' [R][c], (A.19)
the matrix associated with the control force
1
[P] = 2747 Ge”e"™ / {IYI[@TAT ' [RT}r dr. (A.20)
In Egs. (A.19) and (A.20),
oy sinh(1z.)Jn(E171) op sinh(oaz)Ja(Eor1) 0 ag, sinh(ok, z )T u(Eg, 1) ]
o sinh(a;z.)J (&1 72) o sinh(oz. ), (E572) ok, sinh(og,ze)Jn(Ek, 12)
[AT= | osinh(uz)lu(Cirge) oo sinh(ooz)n(Eorke) -+ ok, sinh(ag ze)n(Ckyrie) |
oy sinh(oz)n(&irge1) oo sinh(ooze)In(Sorkg+1) -+ ok, sinh(ok, ze) TSk, rxg+1)
| o sinh(enz)n(Cirg,) oo sinh(opze)lu(Eorg) o ok, sinh(ogzen(Ex, rx,) |
I ROn(rs) Rln(rs) RMon(rs) i
[Rc] _ R()n(rs) Rln(rs) RMOn(rs) ,
0
L 0 J

in which K§, Ky — K§ are the numbers of the chosen points in r;<r, and r, <r;<r, on the upper surface of enclosure,
respectively.
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